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We consider the free-convective flow from a heated sphere, in the Boussinesq approxi- % 

mation, a t  high Grashof number. The characteristics of the boundary layer close to 
the surface of the sphere are evaluated numerically, and the eruption of the fluid from 
the boundary layer into the plume above the sphere is discussed. 

1. Introduction 
When a heated body is placed in a fluid which is otherwise a t  rest density differences 

within the fluid result in an upward convective motion. Ultimately, as long as the flow 
remains steady, the rising fluid will assume the classical plume form discussed briefly 
by Prandtl (1952). The plume is characterized by the heat flux along it due to the 
transfer of heat from the body, which acts effectively as a point source of heat. In  this 
paper we consider the convective flow which arises when a heated sphere is placed in 
a fluid which is otherwise a t  rest. We consider the flow for large values of a suitably 
defined Grashof number. The Boussinesq approximation is employed throughout. 

In  $ 2  we present numerical solutions for the boundary layer which forms a t  the 
surface of the heated sphere at large Grashof number. We compare our results with 
earlier approximate and large-Prandtl-number asymptotic theories (Merk & Prins 
1954; Chiang, Ossin & Tien 1964; Acrivos 1960), and with the experiments, carried 
out in air, by Bromham & Mayhew (1962). We find that first-order boundary-layer 
theory underestimates the overall heat transfer from the sphere, and that the dis- 
crepancy between theory and experiment may be attributed to finite-Grashof- 
number effects. From our numerical solution we note in particular that as the moving 
fluid converges onto the upper stagnation point the solution exhibits a singular 
behaviour, and the boundary layer erupts into the plume which forms above the 
sphere. The scale of the eruption region, within which the flow is governed by the 
inviscid Euler equations, is predicted from the nature of the singularity, and it is 
shown that this region is much thicker than the boundary layer which forms over the 
sphere surface. Experimental evidence in favour of this prediction is provided by the 
work of Kranse & Schenk (1965), Amato & Tien (1972) and Jaluria & Gebhart (1975). 

The fluid emerges from the eruption region to form the plume, which we discuss in 
$3 .  Initially, in the plume, viscous and diffusive effects are unimportant, the fluid 
accelerates as a body falling freely under gravity and the diameter of the plume 
steadily decreases. Measurements by Jaluria & Gebhart (1975), of the centre-line 
velocity and temperature, in this part of the plume region, tend to support our 
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theoretical description of the flow. Ultimately viscous effects are non-negligible, and 
the classical plume solution is finally recovered at a large distance above the 
sphere, whose effect is then that of a point source of heat. 

2. Boundary layer on the sphere 
The equations which govern a buoyancy-driven, steady laminar motion in the 

Boussinesq approximation, that is where variable fluid properties are ignored except 
in the buoyancy term, are 

1 
(v.V)v = -- Vp+umV2v-P-P" 

P m  P m  

I v.v = 0, 

( v . V ) T  = K , V ~ T .  ) 
In these equations v is the velocity vector, p the pressure, T the temperature, p the 
density, u the kinematic viscosity, K the thermal diffusivity, and g the acceleration 
due to gravity. A subscript co denotes the conditions in some ambient or reference 
state. 

Our concern is with the flow about a heated sphere, radius a, whose surface is main- 
tained at  a uniform temperature T,. The equations (1) are made dimensionless with u 
as a typical length and {ga(T, - Tm)/Tm}* a typical velocity. A dimensionless tempera- 
ture 0 is defined as 0 = (T -Tm)/(Tw-Tm). In  a boundary-layer flow, as in region I 
of figure 1, the pressure is uniform across the boundary layer. Thus, if the pressure is 
uniform outside the boundary layer, as i t  is to leading order in the asymptotic solution 
for the high-Graahof-number flows under consideration, then it is uniform everywhere 
and the equation of state reduces to 

PT = PwTm. (2) 

x = T - 6 ,  d a y  = r-a,  (3) 

We now introduce, with reference to figure 1, boundary-layer co-ordinates (x, Y )  as 

with corresponding velocity components u(x, Y ) ,  dV(x ,  Y ) .  Here the small parameter 
E is related to the Grashof number Gr by 

In terms of the co-ordinates (2, Y ) ,  and in the limit E + 0, the dimensionless equations 
for continuity, momentum and energy are, from (l), (2) and (3), 

a a 
ax ay 
- (usins)+- (Vsinz) = 0, 

where CT = VJK, is the Prandtl number. The boundary conditions for equations (5) are 

u = V = O ,  O = l  at Y = o ,  
u,e+o as Y+co. 
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I I 

FIQURE 1. Schematic representation of the flow. I, the sphere boundary layer; 
11, the eruption region; 111, the plume. 

Equations (5) and (6), which do not admit a solution of self-similar form, together 
with their two-dimensional analogues have been studied by Merk & Prins (1954) by 
approximate methods. Thus with assumed forms for the velocity and temperature 
profiles a momentum integral approximation is used and the resulting forms of (5) 
are expanded in series in powers of x up to O(x12). Merk & Prins also take advantage 
of the simplifying features associated with case 1 in their approximate scheme. 
Similarly Acrivos (1960), who is concerned with free convection in non-Newtonian 
fluids for a variety of two- and three-dimensional configurations, takes ad.vantage of 
the large-Prandtl-number simplifications in (5) and derives an exact form for the 
leading term in the asymptotic expansion of the solution as v -+ 00. For arbitrary 
values of u Chiang et al. (1964) propose a series solution of (5) in powers of x with 
coefficients that satisfy ordinary differential equations. In  the examples given only 
the first two terms of the series are evaluated. Watson & Poots (1972) consider a 
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more complicated set of equations than ( 5 )  to study the free-convective flow over a 
heated ellipsoid of which the sphere is a special case. Their method is a hybrid method 
in which a series solution in one surface co-ordinate is adopted, whilst finite-difference 
methods are used to solve the partial differential equations in the other surface co- 
ordinate, corresponding to our variable x ,  and the co-ordinate measured normal to 
the wall. Their calculations terminate at  x = 2.5.  

Close to x = 0 the solution of ( 5 )  is of the type which is familiar at a point of attach- 
ment, and which forms the leading term in the series of Chiang et al., namely 

u = XfA(Y) ,  v = - 2 f 0 ( Y ) ,  8 = 8 , ( Y ) ,  

where f o ,  8 0  satisfy the ordinary differential equations 

with 
( 7 )  

The numerical solution of these equations provides us with conditions, for the set of 
equations ( 5 ) ,  at x = 0. 

With initial conditions from (7), equations ( 5 )  have been integrated numerically, 
with cr = 0.72, subject to ( 6 ) .  Thus in advancing the solution from x = xl to x = x2 
derivatives with respect to x are represented by central differences, and other quan- 
tities are averaged between the two stations; derivatives with respect to Y are also 
represented by central differences. Since the equations are nonlinear an iterative 
scheme has been employed within which we write 

au -au ai-i at-i 
ax ax ax a x y  

U - % U - - - t U - - - i - i -  

where if u is the current value of the velocity a tilde denotes its value a t  the previous 
iteration. The iterative procedure a t  a given station commences by estimating u a t  
that station by a suitable extrapolation from values a t  earlier stations. The velocity 
component P is then calculated from (5a)  and the temperature 8 from ( 5 c ) .  An up- 
dated estimate of u is then obtained from ( 5 b ) .  This cycle of operations is repeated 
until the difference in the calculated values of the flow variables between successive 
iterates falls below some prescribed value, a t  which point the iterative scheme is 
deemed to have converged and the whole process advances to the next station. A 
step length SY = 0.1 in the Y direction was used in the calculations, with Sx = 0.1 
up to the point a t  which x derivatives became large. Thus for x > 2.7 a value Sx = 0.01 
was used. The maximum value of Y ,  at which the outer conditions were applied, was 
adjusted to accommodate the thickening boundary layer up to Y = 100. We were 
thus able to obtain satisfactory results up to x = 3.02, at which point the structure 
of the solution as x - T -+ 0 had clearly emerged. At the suggestion of a referee we 
repeated the calculations with step lengths 2Sx and 2SY in order to check the trends 
observed in our results. In particular from each of our fine and coarse mesh solutions 
we have extrapolated the wall values of shear stress au/aY and heat transfer a8/aY 
to zero. From the results obtained we have employed h2-extrapolation to determine 
in each case the value x = 3-141 at which these quantities vanish. We interpret this 
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FIGURE 2. Velocity profiles, at various stations, in the boundary 
layer on the sphere for u = 0.72. 
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FIQURE 3. Temperature profiles, at various stations, in the boundary 
layer on the sphere for c = 0.72. 

15 

result as x = n within our numerical approximation. This suggests that flow separation 
does not occur for x < n. We discuss the problem of flow separation from the sphere, 
or eruption into the plume which forms above it, in more detail below, where we also 
consider the singular behaviour exhibited by our results as x -+ n. 

Velocity and temperature profiles for various values of x are shown in figures 2 
and 3. A feature of the results shown, as evidenced by the amount of fluid which is 
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FIQURE 4. The local heat transfer rate - t%/aYly,o over the 
surface of the sphere for u = 0.72. 

heated and consequently set into motion, is that although the fluid velocity increases 
continuously under the action of buoyancy forces the boundary-layer thickness 
remains almost constant up to x = in-. Thereafter a thickening of the boundary layer 
is evident, with the maximum velocity tending to a constant. A closer examination of 
the numerical results suggests that the maximum velocity indeed remains finite 
(which is to be expected as the driving force decreases) whilst the boundary-layer 
thickness becomes unbounded in the limit x + 7r. This latter result was conjectured 
by Merk & Bins (1954), and is discussed in more detail below. In  figure 4 we show 
the local heat-transfer variation over the surface of the sphere. This distribution is 
qualitatively consistent with the high-Prandtl-number theory of Acrivos (1960), and 
is in reasonable quantitative agreement with the approximate theory of Merk & 
Prins (1954), which does however overestimate the heat transfer. The two-term 
series solution of Chiang et al. cannot adequately describe the flow over the whole of 
the sphere, and predicts a non-zero value a t  the upper stagnation point for the local 
heat transfer which is about one quarter of the value at the lower stagnation point. 

The total heat transfer Q from the sphere is given by 

where h is the thermal conductivity of the fluid. From (8) and our numerical results, 
we have calculated the Nusselt number Nu as 
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It is common in the literature to express the Nusselt number in the form Nu = C(u Gr)t 
for Gr 1 (see, for example, Merk & Prins 1954; Acrivos 1960). For our calculations, 
with u = 0-72, we have, from (9), C = 4.805. For comparison, and with a correction 
made to accord with the notation of the present paper, the exact theory of Acrivos 
(1960) for CT 1 gives C = 5.18 whilst the approximate theory of Merk & Prins (1954) 
gives C = 5.01 for u = 0.7 and C = 5.90 for u 9 1, and the series of Chiang et al. 
with u = 0-7, C = 4-92. With experiments in air, at a Prandtl number comparable to 
that which we have used, Bromham & Mayhew (1962) give C = 5.2. With benzene as 
the working fluid, which with u = 8.3 may be considered to be a high-Prandtl-number 
fluid, Kranse & Schenk (1965) give C = 6.2 whilst, for experiments in water, for 
which u = 7, Amato & Tien ( 1  972) give C = 5.3. A deviation between results based on 
first-order boundary-layer theory and experiment is to be expected due to finite- 
Grashof-number effects. Thus the local heat transfer results of Kranse & Schenk 
(1965) show a monotonic decrease until x z 2.5, after which the heat transfer rises 
until the upper stagnation point is reached. This departure from the theoretical first- 
order boundary-layer theory gives an indication of the extent of finite-Grashof- 
number effects in the neighbourhood of the upper stagnation point, and also shows 
that the measured heat transfer will be slightly in excess of that predicted by such a 
theory. We consider next the behaviour of our numerical solution in the neighbourhood 
of the upper stagnation point. 

The rapid thickening of the boundary layer as x -+ n, which we have already noted, 
is associated with an anticipation by the converging flow of the upper stagnation 
point. In  this respect the flow differs from its two-dimensional analogue, and we 
consider this difference in more detail below. In  the present calculations, for values 
of x up to x M 1.7, V < 0 throughout the boundary layer as we might expect for an 
entraining flow. However in the central parts of the boundary layer not only does the 
sign of V eventually change but i t  also becomes increasingly large, and is 0(102) at 
x = 3. In  these regions viscous forces are relatively unimportant when compared 
with inertia and buoyancy forces. Of course, as Y -+ 00, V again becomes negative 
and so assumes the values associated with viscous entrainment. 

The structure of the singularity in the solution as x -+ n, i.e. q5 -+ 0, may be deter- 
mined as follows. The numerical results suggest that, whereas the boundary-layer 
thickness and normal velocity V become unbounded in this limit, both u and 0 remain 
finite. Thus, as q5 + 0, we write 

Y 
u = q59, 6 = @ o m  v = q3(9)Afq5), 9 = - W)'  

and substitution into (5a) and (5b) gives, to leading order, 

b 

where a prime and a dot denote differentiation with respect to 7 and q5 respectively. 
Elimination of vo between these equations gives 

uo(l+$) = 0; 
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FIUURE 5 .  The variation of V(n  - z)a and 6,(n - -2) at the location B = 4 in the boundary layer, 
together with their asymptotic forms, deduced from the numerical solution 1.089 - 0.232(n - z) 
(- . - . - . - ) and 1.279+0.496(n-x) (-----) respectively. 
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FIUURE 6. Velocity profiles close to the upper stagnation point aa functions of 
Z = #Y (# = n-z)  for (r = 0.72; -, 4 = 0.442; - - - - , 4 = 0.142. 
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FIQURE 7. Temperature profiles close to the upper stagnation point as functions of 
2 = q5Y (4 = n-2) ford = 0.72; -, 4 = 0.442; ---- , q5 = 0.142. 

thus 6 a $-l, and it then follows that A cc $-z. These predictions are fully confirmed 
by our numerical results. Thus if Y = 8, denotes the location a t  which 8 = + we have 
examined (n - x) 6, and (n - x)2 V a t  Y = 8, and shown that they are finite as x -+ n. 
These quantities are shown in figure 5 together with their limiting values deduced 
from the numerical results. In  figures 6 and 7 we show velocity and temperature 
profiles from our numerical solution plotted as functions of $ Y ,  for different values 
of $ = n - x, which show how limiting values are approached, and further confirms 
the singular nature of the solution, discussed above, as x --f n. 

Before discussing the implications of the singular behaviour noted above for the 
eruption region I1 of figure I, and the plume I11 which develops above it, we consider 
the differences between the axisymmetric flow under discussion and its two-dimen- 
sional analogue. Our present calculations suggest that both au/aY and M/aY, at 
Y = 0,  vanish as 2 -+ n. However the results presented by Merkin (1977), for mixed 
convection from a circular cylinder, show that in the free-convective limit the corres- 
ponding quantities are finite along the upper stagnation line. This shows what one 
might expect, namely that the boundary layers on each side of the cylinder develop 
independently and that but for the presence of the other each would penetrate a 
little way beyond the upper stagnation line before a classical separation was en- 
countered. In  the event the two boundary layers impinge upon, or collide with, one 
another and the flow is forced off into the plume region. In this ‘collision’ process 
neither boundary layer anticipates the presence of the other; thus there is nodramatic 
increase in boundary -layer thickness as the ypper stagnation line is approached, and 
the eruption region in which the flow is re-aligned is on the scale of the thickness of 
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the oncoming boundary layer. Experimental evidence in favour of this picture of the 
flow is provided by the flow-visualization pictures of Pera & Gebhart (1 972) of such a 
collision region. These authors conclude from their observations that the usual con- 
cept of flow separation is not appropriate in such a situation, but that the impetus 
for the flow re-alignment is the pressure field generated in the collision region rather 
than outside the boundary layers. For the problem under consideration in this paper 
the situation is quite different as the flow converges onto the upper stagnation point, 
insofar as the boundary layer thickens dramatically, as we have seen, as the eruption 
region is approached. This feature of such a flow has been observed by Amatb & Tien 
(1972) and by Jaluria & Gebhart (1975), who again indicate that no flow reversal is 
present and that the eruption process is more one of flow re-alignment which is in- 
dependent of any external pressure field. We now return to the consequences of our 
numerical solution for the flow in the eruption region. 

We have noted above that 

v N c1(7r-x)-2, s 'v c2(n-x)-l as x + n, 

and the singular nature of the solution in this limit heralds the failure of the boundary- 
layer equations as an appropriate set of equations to describe the flow. We may 
interpret the rapid increase of V in the boundary layer as part of the flow re-alignment 
process since, as x -+ n, the normal velocity in the boundary layer becomes parallel 
to the plume axis. On the velocity scale which we have introduced we do not anticipate 
velocities in excess of O( 1). We observe from (10) that dSV = O( 1) when n - x = O(d) ,  
and also that on the scale of the radius of the sphere the boundary-layer thickness 
is then given by €48 = O ( d ) .  We have then an eruption region, I1 of figure 1, of 
dimensions €4 x €4 on the scale of the sphere radius within which velocities are O( 1). 
Introducing these length andvelocity scales into thegoverningequations (1) shows that 
in the momentum equations we have a balance between the inertia and pressure terms 
whilst in the energy equation only the convective terms remain. This is consistent with 
the ideas of Jaluria & Gebhart (1975) discussedabove. It may benoted that the collision 
process associated with two-dimensional flows results in an eruption region which is 
of much smaller scale. We do not discuss the flow in this eruption region further except 
to note that both vorticity and temperature will remain constant on the streamlines 
of the inviscid flow/. 

It is natural to seek support for the above ideas from the published experimental 
literature. In  the experiments of Kranse & Schenk (1965) soIid benzene spheres were 
melted in excess liquid benzene. The results which are presented for the local Nusselt 
number show a departure from the monotonic decrease predicted by first-order 
boundary-layer theory a t  an angular distance of some 20" to 50" from the upper 
stagnation point. Jaluria & Gebhart (1975) carry out their experiments with a hemi- 
sphere in water, but it seems unlikely that this difference in geometry will affect the 
flow locally in the neighbourhood of the upper stagnation point. From results presented 
for the boundary-layer thickness and local heat transfer rate we infer that finite- 
Grashof-number effects are apparent within 30" of the upper stagnation point. A 
similar result is obtained from the experiments of Amato & Tien (1972) who work 
with solid spheres in water. In the experiments described above the Grashof number 
is in the range lo6 to lo8. Nqw our prediction of an eruption region of dimensions 
€4 x €4 on the scale of the sphere radius (that is Gr-g x Cr-t)  shows that when Gr = 108 
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we can expect first-order boundary-theory to fail, and finite-Grashof-number effects 
to become important, at an angular distance O(20") from the upper stagnation point. 
This is consistent with the above observations. Amato & Tien also present temperature 
and velocity profiles a t  five different stations which inchide a horizontal traverse 
across the upper stagnation point, that is across the eruption region. These profiles 
show inter alia that for x < &r the entraining diverging flow thickens only slightly, 
and the results presented are qualitatively in accord with those shown in figures 2 
and 3. However, of greater interest to us here is the traverse across the upper stagnation 
point. From the temperature profiles, and making due allowance for the tube which 
supports the sphere, we infer that the thickness of the eruption region is about 8.5 
times greater than the thickness of the boundary layer a t  x = +-r. Our theoretical 
prediction is that it will be thicker by an amount O(Gr#). Thus for the Grashof numbers 
in question we would predict that the eruption region is 5.5 to 6.5 times thicker than 
the boundary layer. We consider that this qualitative agreement between theory and 
experiment supports our theoretical development for the flow in the neighbourhood 
of the upper stagnation point. 

3. The plume region 
The fluid emerges from the eruption region I1 to form the plume 111 (see figure 1). 

It is convenient to retain the same scales for velocity, length and temperature in the 
plume a5 we used in 5 2. Thus, if x is measured along the plume axis, z measured radially 
from it, with (u, w) the corresponding components of velocity, we have, from (l) ,  

a a 
ax - (zu) +% (zu) = 0, 

ae ae F a ae uzr+waz =,a , ( zaz ) ,  
where, prior to introducing any boundary-layer scaling, we have retained in ( I  1) 
only the terms from (1) which will ultimately prove to be relevant. Boundary condi- 
tions for (1 1) include, by symmetry, 

w=---- au ae 
aZ az - - 0  at z = o ,  

and also u, e -3- 0, (12b) 

as we move out of the plume. 

with respect to z then, using (1  2) and (1 1 a) ,  we have 
Before we discuss solutions of (1 1) note that if we multiply (1 1 c) by z and integrate 

/om zuOdz = 0, 

which shows that the heat flux along the plume is independent of x. This heat flux 
arises entirely from the heat transferred to the fluid from the surface of the sphere 
given by (9). 
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As we have seen in fj 2 the fluid emerges from the eruption region to form a plume 
whose initial diameter is O(d). Thus, at distances O(1) from the sphere, in the plume, 
we write z = € 4 2  with w = €4 W.  To first order the equations (1 I)  then become 

au i a 
-+- - (ZW)  = 0, ax zaz 

au au 
zc -+ W - = 8, ax az 

ae a0 
u -+ w - = 0. ax az 

From the last of these we note that if a stream function $ is introduced such that 
u = .Z-la$/dZ, W = -Z-la$/ax then 8 = 8($). The first two equations admit a 
similarity solution with $ = a2f(f), f [  = Z ( x +  Zl)4/a, where I ,  corresponds to an origin 
shift, and a is related to the heat flux in the plume. From (14b) we have 

or, since 8 = 8( f ), 

The solution for f will be determined by (15) when 8 = 8( f) is known; this will depend 
upon the details of the solution in the eruption region. (If, as an example, we take 
B = e+f then f = log (1  + 12/J2).) The axial velocity u = (5 + Zl)&f’(c)/l, and so the 
constant a will be determined from (13) as 

a2 fum y e  d l  = q, (16) 

where q is a constant. 
In  this initial part of the plume region I11 then, viscous and other diffusive effects 

are relatively unimportant with the consequence that the axial velocity is eventually 
O ( d ) ,  the expected ‘free-fall’ velocity, and the plume thickness is O{(e /x ) f } .  This 
latter result is consistent with the observations of Jaluria & Gebhart (1975) who note 
that for the plume formed over a hemisphere ‘the diameter of the flow region fist 
decreases very rapidly and then begins to increase again’. We shall return to the 
further development of the plume below, but first we make further comparisons 
between our results for this initial part of the plume and the experiments of Jaluria & 
Gebhart, in particular their measurements of centre-line velocity and temperature. 
To do this we first note that, although the flow in this region is a predominantly inviscid 
one, there will be a region very close to the axis in which viscous forces are important. 
Thus if write formally 

with w, x and 8 remaining O( 1) quantities then all the terms in equations (11) become 
comparable. For this inner boundary layer conditions as fl + co will be provided by 
the outer inviscid solution. Thus for the velocity u and temperature 8 we shall require 

x = &, w = €W, (17) 

(18) 1 u - (%)* (x + zlp + O(€+ + Z1) @], 
8 N c + O { ~ ( X  + Zl)*Zz}, 

as z -+ co, where c is a constant. Now the form of the leading terms of (18) suggest a 
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similarity solution for the boundary-layer equations in this inner region with similarity 
variable E = e / ( x  + I,)* in terms of which (18) becomes 

(19) 
u - (2C)* (x + Z1)* + O{&x + I,)$ p>, 
e c + o{d(~ + zl) pi, 

as 5 -+ 00. These conditions suggest in turn that the solution in the inner region be 

Substituting (20) into the boundary-layer equations, we deduce immediately that the 
solution of the equations forf,, O1 which satisfy the conditions ( 1 2 a )  and (19 )  are 

f, = *(2c)q2, Ol = c ;  (21) 

in other words the outer inviscid solution is uniformly valid throughout the plume to 
this order. The equations satisfied byf, and & are coupled linear equations; however 
we do not pursue these further since the essential information which we require for 
a comparison with the centre-line measurements of Jaluria & Gebhart (1975) is 
contained in equations (20) and (21). In  commenting upon the centre-line velocities 
which they present Jaluria & Gebhart note that their results, in which the velocity 
increases monotonically, are only consistent with the fully developed plume solution 
(discussed below) in the sense that for each case considered the velocity appears to be 
approaching a uniform value. In  figure 8 we reproduce the experimental results of 
Jaluria & Gebhart and compare them with curves of the form (2c)* (x + I,)*, which is 
the form that we predict for the centre-line velocity in this part of the plume. We are 
encouraged by the more than qualitative agreement between experiment and the 
theoretical prediction. However it is when we consider the centre-line temperature 
that we find a more striking confirmation of our theoretical predictions. From (20b)  
the centre-line temperature is given as c + e*(x + I , )  02(0), which shows that to leading 
order we would expect the centre-line temperature to be uniform. In  the experiments, 
where measurements are made to about one diameter above the hemisphere, there is 
a region of rapid change for about one tenth of a diameter, which is consistent with 
our estimate of the size of the eruption region, followed by an extensive region of 
almost uniform temperature. The departure from a constant value is clearly linear to 
within experimental error, which is exactly the variation of centre-line temperature 
thgt we have predicted above. Furthermore the measured slope, for each set of results 
presented, of the linear temperature variation is -0.011, which may be compared 
with the theoretical slope of O(d)  = O(Gr-*) = 0(10-2), for the Grashof numbers 
associated with the experiments. 

Ultimately, as x increases, viscous effects will become important throughout the 
plume region. To estimate the distance downstream for this state to be established 
we note that in our inviscid plume solution the axial velocity is O ( d )  and the plume 
thickness is O{(e/x)$). From these two properties of the inviscid plume the viscous 
term in (1 1 b )  becomes formally comparable with the other terms when x = O(&), 
and that then u = O(s-*), 2 = O ( d )  and W = O(e8). This estimate of the height at 
which the plume solution discussed above fails is also recovered from equations (20) .  
Thus in this part of region 111, which might be called the classical plume region, we 

(22 )  
write x = ~-42, x = €82, u = s - ~ E ,  w = &, e = -8, 



782 J .  M .  Potter and N .  Riley 

I' 

0 

~ ~~ 

0 5 10 15 20 25 

d (cm) 

F r a m  8. A comparison between experimental measurements of the centre-line velocity V,  in 
the plume formed a t  distance d immediately above a hemisphere of diameter D due to Jaluria & 
Gebhart (1975), for various values of the Rayleigh number Ra, with the present theoretical 
prediction. The experiments were carried out in water with cr = 7-0. Here Ra = u Qr and the 
GrashofnumberisbasedondiameterD. x ,D = 30.5 cm,Ra = 6.9 x 108;-,K = 0.53(d+6.55)4. 
0, D = 30.5 cm, Ra = 20.4 x lo*; -- -, V,  = 0-48(d+0.62)*. V ,  D = 15.2 cm, Ra = 0.86 x lo8; 
-. _. -. - , V,  = 0*33(d+ 7.01)6. 

and equations (1 1) then become 

a a _ _  - @a)+- zw) = 0, az ax ( 
-at -at 1 a -at 
u-+w-=--- z -  
83 az ;ax ( aJ+B,} 

I 

with boundary conditions 

(23) 

together with a heat flux condition derived from (13). A similarity solution of (18), 
(19), apparently first noted by Prandtl (see Prandtl 1952, p. 413), is available. Thus 
we have 

(25)  I 3 = (5 + 4) m), 
g = pz/(z+ ZJ*, 

= P4W)/@+ 121, 

from which we deduce that t = p,F'K.  In  (25) 1, is a constant associated with an 
origin shift, and p i s  a constant related to the heat flux. Thus from (13) and (25) 
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The solution (25) shows that in the final development of the plume the centre-line 
velocity is a constant, the temperature falls off inversely with axial distance and the 
plume grows in thickness as a paraboloid. The nonlinear systern of ordinary differential 
equations for P, 0 has been considered by, for example, Yih (1956) and Fujii (1963) 
who note exact solutions for specific values of B, and present numerical solutions 
for other values. 

Jaluria & Gebhart (1975) on the basis of their measurements in the plume, which 
extend to about one diameter, cautiously suggest that the classical plume state will 
be reached within three diameters downstream. Our estimate, based upon (22), 
would suggest a somewhat greater distance although it is unlikely that laminar flow 
will be maintained up to the point when (25) is achieved. 

4. Conclusion 
We have analysed the free-convective flow from the surface of a heated sphere at 

high Grashof number. The boundary-layer solution at the sphere surface has been 
obtained numerically, and we have demonstrated how the solution fails as the upper 
stagnation point is approached, and the fluid erupts from the boundary layer to form 
the plume which develops over the sphere. Initially the plume has thickness O ( a d )  
and within it viscous and other diffusive effects are unimportant. Subsequently, at 
distances O(as-)) or O(a Gd) above the sphere, viscous effects do become important 
and the classical plume solution is recovered. It is only at these distances that the 
heated sphere may be treated as a point source of heat. Where possible we have 
compared our work with that of other authors, and in particular we find encouraging 
agreement between our theoretical predictions and the published experimental results. 
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Science Research Council. 
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